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TWISTOR LINES ON ALGEBRAIC SURFACES
A. ALTAVILLA‡ AND E. BALLICO†
Abstract. We give quantitative and qualitative results on the family of surfaces in CP3 con-
taining finitely many twistor lines. We start by analyzing the ideal sheaf of a finite set of disjoint
lines E. We prove that its general element is a smooth surface containing E and no other line.
Afterwards we prove that twistor lines are Zariski dense in the Grassmannian Gr(2, 4). Then,
for any degree d ≥ 4, we give lower bounds on the maximum number of twistor lines contained
in a degree d surface. The smooth and singular cases are studied as well as the j-invariant one.
1. Introduction and Main Results
Given a four dimensional Riemannian manifold (M4, g), its twistor space Z(M) is the total space
of a bundle containing all the complex structures that can be defined on M and are compatible
with g. If (M, g) is anti-self-dual, then Z(M) is a complex manifold of (complex) dimension 3.
Moreover, a complex 3-manifold Z is the twistor space of some 4-dimensional Riemannian manifold
M if and only if it admits a fixed-point-free anti-holomorphic involution j : Z → Z and a foliation
by j-invariant rational curves CP1 each of which has normal bundle O(1)⊕O(1) (see e.g. [16]).
Since any complex structure on M compatible with g is as well compatible with any conformal
equivalent metric efg, the whole theory is invariant under conformal transformations of M .
The first interesting example is given by the 4-sphere S4, identified with the left quaternionic
projective line HP1, whose twistor space is given by CP3 with fibers CP1, i.e.:
CP1 → CP3
pi
→ HP1,
where π is the real analytic submersion defined by
π[z0, z1, z2, z3] = [z0 + z1j, z2 + z3j].
The fibration π is the main object of this paper and, from now on, we focus our attention only
on it. On the affine subset {[p, q] ∈ HP1 | p 6= 0}, if q = q1 + q2j, we have that the fibers of π are
explicitly given by {
z2 = z0q1 − z1q2
z3 = z0q2 + z1q1.
In this case the fibers are identified with projective lines l such that j(l) = l, where j : CP3 →
CP3 is the fixed-point-free anti-holomorphic involution given by
j[z0, z1, z2, z3] 7→ [−z1, z0,−z3, z2].
Notice that the map j coincides with the map induced, via π−1, by quaternionic left multiplication
by j (see e.g. [12, Formula (5.8)]). We now state a formal definition for our main object.
Definition 1.1. A projective line l ⊂ CP3 is said to be a twistor line if j(l) = l, i.e.: if l is a fibre
for π.
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2 A. ALTAVILLA AND E. BALLICO
In this setting an important theme is the analysis of complex surfaces in CP3 transverse to
fibers. This because, any surface S ⊂ CP3, that can be considered a graph for π−1, produces a
complex structure compatible with the standard round metric on π(S) ⊂ S4. In fact, the map π
restricted to any degree d algebraic surface Y can be considered as a d-fold branched covering over
S4 and the set of twistor lines contained in S is contained in the ramification locus. In particular,
in this framework, the number of twistor lines contained in a surface plays an important role being
an invariant under conformal transformations of S4 (for more details see, e.g., [5]).
Motivated by some recent result on the geometry of twistor lines in particular cases (degree
1 [1, 23], degree 2 [11, 21], degree 3 [1, 3, 4, 5, 6] and degree 4 [12], see also [21, arXiv version v1]),
in this paper we give some general algebro-geometric result related to them in the same spirit of
the papers [2, 7].
After the introduction, this paper has 2 sections. Section 2 contains preparatory material and
standard tools from algebraic-geometry. The only main result is Theorem 1.3 below which regards
surfaces containing a fixed set of lines. Before state it we set the following standard notation: for
any union of lines E let IE be the ideal sheaf of E (see Section 2 for definitions and properties).
We denote by |IE(d)| the projective space associated to the vector space H0(IE(d)).
Remark 1.2. Let E be a union of s disjoint lines. Recall that, for d ≥ s > 0, the set |IE(d)|
is a projective space of dimension
(
d+3
3
)
− s(d + 1)− 1. In fact, it is well known that for integers
t ≥ s− 1 such that t > 0 and s ≥ 0, if E ⊂ CP3 is a union of s disjoint lines, then h1(IE(t)) = 0
and h0(IE(t)) =
(
t+3
3
)
− s(t + 1) (see e.g. [24, Corollary 1.10], where “d-regular” means exactly
that h1 = 0).
Theorem 1.3. Fix integers d ≥ k > 0 with d ≥ 4. Let E ⊂ CP3 be a union of k disjoint lines.
A general Y ∈ |IE(d)| is a smooth degree d hypersurface containing E and containing no line
L ⊂ CP3 with L ∩E = ∅.
The proof of the previous theorem passes through a number of lemmas analyzing the first two
cohomology numbers of IE(d) and of I2q∪E(d), for some fat point 2q.
In Section 3, we add the hypothesis that the set E of Theorem 1.3 is composed by twistor
lines. Therefore we have firstly to explain what a general set of twistor lines is. Let Gr(2, 4) be
the Grassmannian of lines in the complex projective space and Λ ⊂ Gr(2, 4) denote the set of all
twistor lines. Topologically we have Λ ∼= S4. In the beginning of the Section, by means of what
we call Density Lemma 3.2, we give meaning to the words “k general twistor lines” for any integer
k > 0. A first consequence of the Density Lemma is Corollary 3.4 stating that, for any s greater
or equal to 5, there are s twistor lines L1, . . . , Ls such that no other line intersects all of them. We
recall that in [5] the authors give conditions in order to establish whether 5 twistor lines lie on a
cubic. This property implies that there exist other two distinct lines intersecting all the given five
twistor lines.
Now, before stating the main results of the third section, for any integer d > 0 we set the
following quantities that will be our lower bounds:
• ν(d) := ⌊(
(
d+3
3
)
− 1)/(d+ 1)⌋;
• νn(d) := ν(d− 1) if d ≥ 2 and νn(d) := 0 if d ≤ 1;
• νs(d) := ν(d − 3) if d ≥ 4 and νs(d) := 0 if d ≤ 3;
• νj(d) := νn(d− 8) = ν(d − 9) if d ≥ 9 and νj(d) := 0 if d ≤ 8.
The 3 subscripts for ν stand for normal, smooth and j-invariant as the following results will suggest.
More explicitly,
(1)
{
ν(d) = (d2 + 5d)/6 if d ≡ 0, 1 (mod 3)
ν(d) = (d2 + 5d+ 4)/6 if d ≡ 2 (mod 3),
and, if d ≥ 3 we have {
νs(d) = (d− 3)(d+ 2)/6 if d ≡ 0, 1 (mod 3)
νs(d) = (d
2 − d− 2)/6 if d ≡ 2 (mod 3).
Notice that, for d ≥ 2, ν(d) < d2 and that ν(d) ∼ νs(d) ∼ νn(d) ∼ νj(d) ∼ d2/6 for d→∞.
Recalling that a surface is said to be integral if it is reduced and irreducible, we can state our
first main result.
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Theorem 1.4. Fix an integer d ≥ 4.
(1) There is an irreducible degree d surface Y ⊂ CP3 containing ν(d) general twistor lines.
(2) There is an irreducible degree d surface Y ⊂ CP3 containing νn(d) twistor lines, none of
them intersecting Sing(Y ), and with Sing(Y ) finite.
(3) There is a smooth degree d surface Y ⊂ CP3 containing νs(d) general twistor lines.
The three cases are proven separately. Firstly, we prove the existence of a complex projective
space of dimension
(
d+3
3
)
− ν(d)(d + 1) − 1 parametrizing a family of integral degree d projective
surfaces, all of them containing a general (but fixed) union E ⊂ CP3 of ν(d) general twistor lines,
namely |IE(d)| (see also Corollary 3.5 and Proposition 3.6). Then, in the following step we prove
that, reducing the number of lines from ν(d) to νn(d), then the general element Y of |IE(d)| is
such that Sing(Y ) is finite and does not intersect E. Afterwards, in the last step we prove that, if
the number of twistor lines is reduced to νs(d), then the general element of |IE(d)| is smooth.
Thanks to the Density Lemma, Theorem 1.4 is true for twistor lines L1, . . . , Lk belonging to a
non-empty open subset of Λk.
In case (2) of Theorem 1.4 we obviously allow the case Sing(Y ) = ∅. Since any surface Y ⊂ CP3
is a locally complete intersection, Sing(Y ) is finite if and only if Y is normal ([14, II.8.22A]).
The previous theorem can be specialized as follows.
Theorem 1.5. Fix integers d ≥ 10 and k such that 0 ≤ k ≤ νj(d). Then there is a smooth degree
d surface Y ⊂ CP3 containing k general twistor lines and no other no other line L not intersecting
any of the k twistor lines.
A surface Y in CP3 is said to be j-invariant, if j(Y ) = Y . This concept will be better explained
at the end of Section 3. Examples of j-invariant surfaces are the so-called real quadrics in [21]
and the smooth cubic analyzed in [5, 6]. With the help of some observation on the topology of
j-invariant surfaces in |IE(d)| we are able to improve Theorem 1.5 as follows.
Theorem 1.6. Take d, νj(d) and k ≤ νj(d) as in Theorem 1.5 with d even; if d ≡ 2 (mod 4)
assume k odd; if d ≡ 0 (mod 4) assume k even. Then there exists a degree d smooth j-invariant
surface Y ⊂ CP3 such that Y contains exactly k twistor lines.
Remark 1.7. General results on the maximum number Nd of lines on a smooth degree d projective
surface are given in [8]. In this remark we recall some of them. It is well known that any smooth
cubic surface contains exactly 27 lines and, from the work of Segre [22], that N4 = 64 and Nd ≤
(d− 2)(11d− 6). More recently it was proved in [9] that Nd ≥ 3d2. Moreover, thanks to [8, 9], we
have N6 ≥ 180, N8 ≥ 352 N12 ≥ 864 and N20 ≥ 1600.
Since twistor lines are skew, it is interesting to look at the maximum number Sd of skew lines
contained in a smooth degree d projective surface. When d = 3 this number is exactly S3 = 6.
Thanks to [19], S4 = 16. If d ≥ 4, Sd ≤ 2d(d− 2) [18]. Concerning lower bounds, Sd ≥ d(d − 2) +
2 [20], but if d ≥ 7 is an odd number then [8] Sd ≥ d(d− 2) + 4.
In the particular case of twistor lines these number can be improved as follows: any cubic
surface contains at most 5 twistor lines [5], while it was observed in [21, arXiv version v1] that a
smooth degree d projective surface contains at most d2 twistor lines and that there exists a quartic
containing exactly 8 twistor lines. In Theorem 1.4 case (3) we give a first general lower bound, for
d ≥ 4, on the maximal number of twistor lines Td lying on a smooth degree d surface, obtaining
d2/6 ≃ νj(d) ≤ Td ≤ d2. However, this bound is not optimal due to the quartic with 8 twistor
lines in [21, arXiv version v1].
In the next remark we give a possible interpretation in terms of OCS’s of our results.
Remark 1.8. Thanks to Theorems 1.5 and 1.6, for any general set of k points P = {p1, . . . , pk} ⊂
S4, there is an infinite number of conformally inequivalent OCS’s, induced by different smooth
surfaces in CP3, that are singular at P and cannot be extended at any point of P . Moreover, for
any fixed degree d ≥ 10, there are at least νj(d) different conformal classes of surfaces of degree d.
Even if this fact was already known, our results give new information on the minimum degree dmin
of a smooth surface S ⊂ CP3, such that it contains {π−1(p1), . . . , π−1(pk)} and no other twistor
line.
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2. Preliminaries and Proof of Theorem 1.3
In this section, by means of some technical lemma, we prove Theorem 1.3. In this part of the
paper the geometry of the twistor projection is not involved and all the ingredients come from
basic geometric constructions (we use as main references the books [13, 14]). We recall the main
tools.
For each closed subscheme A ⊂ CP3 let IA ⊆ OCP3 denote its ideal sheaf, i.e.: IA is defined to
be the kernel of the morphism OCP3 → i∗OA, i being the inclusion map (see [14, p. 115]).
If A ⊂ F , let IA,F ⊆ OF be the ideal sheaf of A in F . For any closed subscheme A ⊂ CP3 we
denote by ResF (A) the residual scheme of A with respect to F , i.e. the closed subscheme of CP3
with the conductor IA : IF as its ideal sheaf. We always have ResF (A) ⊆ A and if A is a reduced
algebraic set, then ResF (A) is the closure in CP3 of A \ (A ∩ F ), i.e. the union of the irreducible
components of A not contained in F . Assuming deg(F ) = f , for any t ∈ Z we have a natural exact
sequence of coherent sheaves on CP3:
(2) 0→ IResF (A)(t− f)→ IA(t)→ IA∩F,F (t)→ 0.
For any scheme A ⊂ F and every curve C ⊂ F let ResC,F (A) be the closed subscheme of F
with IA,F : IC,F as its ideal sheaf. If F is smooth, then C is an effective Cartier divisor of F . We
get the following residual exact sequence of coherent sheaves on F :
(3) 0→ IResC,F (A)(t)(−C)→ IA,F (t)→ IA∩C,C(t)→ 0.
If A is the disjoint union of two closed subschemes of CP3, say A = A1 ⊔A2 with each Ai closed in
CP3, then ResF (A) = ResF (A1)∪ResF (A2) and F ∩A = (F ∩A1)∪(F ∩A2). Since ResF (Ai) ⊆ Ai,
we have ResF (A1) ∩ResF (A2) = ∅.
When dealing with singularities it is useful to exploit the so-called first infinitesimal neighborhood
of a point (also called fat point). We recall some of its features. For any q ∈ CP3 let 2q be the
first infinitesimal neighborhood of q in CP3, i.e. the closed subscheme of CP3 with (Iq)2 as its
ideal sheaf. The scheme 2q is a zero-dimensional scheme with reduced scheme (2q)red = {q} and
if q is contained in an affine or projective n-dimensional space, then deg(2q) =
(
2+n−1
n
)
(and
hence, for n = 3, 2, 1, we have deg(2q) = 4, 3, 2, respectively). If q /∈ F , we have 2q ∩ F = ∅ and
ResT (2q) = 2q. If q ∈ F let (2q, F ) be the closed subscheme of F with (Iq,F )2 as its ideal sheaf.
We have that (2q, F ) = 2q ∩ F (scheme-theoretic intersection) and the scheme (2q, F ) is a zero-
dimensional subscheme of F with (2q, F )red = {q} and if F is smooth at q then deg((2q, F )) = 3
and ResF (2q) = {q}.
Remark 2.1. Take now as F a plane H ⊂ CP3 such that q ∈ H and as C a line L ⊂ H such that
q ∈ L (and so with f = 1). Hence deg((2q,H) ∩ L) = 2 and so I(2q,H)∩L,L(t) is a line bundle on
L ∼= CP1 with degree t− 2. The cohomology of line bundles on CP1 gives h1(L, I(2q,H)∩L,L(t)) = 0
for all t > 0. We have ResL,H((2q,H)) = {q} and hence, recalling that OH(t)(−L) = OH(t − 1),
the exact sequence (3), can be written as,
(4) 0→ Iq,H(t− 1)→ I(2q,H),H(t)→ I(2q,H)∩L,L(t)→ 0.
We have h1(H, Iq,H(x)) = 0 for all x ≥ 0 (see [17, Corollary 3.13 pag 150]). Hence the long
cohomology exact sequence of (4) gives h1(H, I(2q,H),H (t)) = 0 for all t > 0.
Recall now that ResH(2q) = {q} and h1(Iq(t)) = 0 for all t ≥ 0. Thus the exact sequence (2)
for F = H and f = 1 can be written as
0→ Iq(t− 1)→ I2q(t)→ I(2q,H),H(t)→ 0
and gives h1(I2q(t)) = 0 and h0(I2q(t)) = h0(OCP3(t)) − deg(2q) =
(
t+3
3
)
− 4 for all t > 0. The
projective space |I2q(t)| parametrizes all degree t surfaces passing through q and singular at q (e.g.
|I2q(1)| = ∅ and |I2q(2)| is the set of all quadric cones with vertex containing q).
The proof of Theorem 1.3 relies on the computation of the first two cohomology numbers of
IE(t) and the analysis of such numbers in the presence of fat points. The following results will
enable us to perform such analysis.
In the following proposition, given a finite set of points S in a plane H , we compute, for any
x ≥ |S| − 2 the number h1(H, IS,H(x)). It turns out that this is zero for x ≥ |S| − 1 while, for
x = |S| − 2 is equal to 1 if and only if S is contained in a line.
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Proposition 2.2. Let H ⊂ CP3 be a plane and S ⊂ H a finite set. Set s := |S|.
(1) We have h1(H, IS,H(t)) = 0 for all t ≥ s− 1.
(2) If S 6= ∅ and S is not contained in a line, then h1(H, IS,H(s− 2)) = 0.
(3) If S 6= ∅ and there is a line L ⊂ H such that S ⊂ L, then h1(H, IS,H(s− 2)) = 1.
Proof. Note that if s ≤ 2, then the set S is always contained in a line (unique if and only if s = 2),
while for s ≥ 3 the set S is contained in at most one line.
The proposition is true if s = 0, because h1(H,OH(t)) = 0 for all t. It is also true for s = 1,
because h1(H, Ip,H(t)) = 0 and h1(H, Ip,H(−1)) = s = 1 for all p ∈ H and all t ≥ 0. Thus we may
assume s ≥ 2 and use induction on the integer s.
Assume that there is a line L such that S ⊂ L. We have an exact sequence
(5) 0→ OH(s− 3)→ IS,H(s− 2)→ IS,L(s− 2)→ 0.
Since |S| = s the sheaf IS,L(s− 2) is the degree −2 line bundle on L ∼= CP1 and so h1(H, IS,L(s−
2)) = 1 (see [17, Corollary 3.13 pag 150]). We have h1(H,OH(s − 3)) = 0 and, since s = |S| > 0,
then h1(L, IS,L(s − 2)) = 1 and h2(H,OH(s − 3)) = 0. To have that h1(H, IS,H(s − 2)) = 1, use
the long cohomology exact sequence of (5).
We now pass to the case in which S is not contained in any line. Assume s ≥ 3. Fix p ∈ S and
set A := S \ {p}. Fix a general line L ⊂ H such that p ∈ L. We have L ∩ S = {p}. Consider the
residual exact sequence of L in H
(6) 0→ IA,H(t− 1)→ IS,H(t)→ Ip,L(t)→ 0.
Since Ip,L(t) is the degree t − 1 line bundle on L ∼= CP1, we have h1(L, Ip,L(x)) = 0 for all
x > 0. Hence, if t > 0 and h1(IA,H(t − 1)) = 0, then the cohomology exact sequence of (6) gives
h1(IS,H(t)) = 0. By the inductive assumption this is always the case if either t ≥ s− 1 or t = s− 2
and A is not contained in a line. Therefore we may assume that A is contained in a line R. We
have {p} ∈ S \ S ∩R and hence we have a residual exact sequence
(7) 0→ Ip,H(s− 3)→ IS,H(s− 2)→ IA,R(s− 2)→ 0.
Since s − 3 ≥ 0, we have h1(H, Ip,H(s − 3)) = 0. Since IA,R(s − 2) is the degree −1 line bundle
on R ∼= CP1, we have h1(R, IA,R(s − 2)) = 0 (see [14, Example IV.1.3.5] or the Riemann-Roch
formula [13, page 245] or [14, IV.1.3]). To conclude the proof it is sufficient to use the long
cohomology exact sequence of (7). 
The next two results are a consequence of Proposition 2.2 in the case in which a point of S is
replaced with its first infinitesimal neighborhood. We need to recall the following remark.
Remark 2.3. Take any surface F ⊂ CP3 and any zero-dimensional scheme Z ⊂ F . Since Z is
zero-dimensional, we have hi(Z,S) = 0 for every i > 0 and every coherent sheaf S on Z. Thus the
exact sequence
0→ IZ,F (t)→ OF (t)→ OZ(t)→ 0
gives h2(F, IZ,F (t)) = h2(F,OF (t)). Moreover, we have h2(OF (t)) = 0 if and only if t ≥ − deg(F ).
Lemma 2.4. Fix a plane H ⊂ CP3, p ∈ H and a set S ⊂ H\{p}. Set s := |S| and Z := (2p,H)∪S.
(1) We have h1(H, IZ,H(t)) = 0 for all t ≥ s+ 1.
(2) If S ∪ {p} is not contained in a line, then h1(H, IZ,H(s)) = 0.
(3) If there is a line containing S ∪ {p}, then h1(H, IZ,H(s)) = 1.
Proof. Since any two points of H are collinear, if s ≤ 1, then S ∪ {p} is always contained in a line.
First assume the existence of a line R ⊂ H such that S∪{p} ⊂ R. Note that Z∩R is the disjoint
union of S and the degree 2 scheme (2p,R) with p as its support. Hence deg(Z ∩R) = s+ 2 and
so IZ∩R,R(t) is a line bundle on R ∼= CP1 with degree t − s− 2. The cohomology of line bundles
on CP1 gives h1(R, IZ∩R,R(t)) = 0 if t ≥ s + 1 and h1(R, IZ∩R,R(t)) = 1 otherwise. We have
ResR,H(Z) = {p} and hence a residual exact sequence
(8) 0→ Ip,H(t− 1)→ IZ,H(t)→ IZ∩R,R(t)→ 0.
We have h1(H, Ip,H(x)) = 0 for all x ≥ 0 (see [17, Corollary 3.13 pag 150]). Remark 2.3 gives
h2(H, Ip,H(t− 1)) = 0. Hence the long cohomology exact sequence of (8) gives h1(H, IZ,H(t)) = 0
for all t ≥ s+ 1 and h1(H, IZ,H(s)) = 1.
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Now assume that S ∪ {p} is not contained in any line and take a line L ⊂ CP3 such that p ∈ L,
L contains at least one point of S and with |L∩ S| minimal among all lines through p intersecting
S. Since there are at least 2 lines through p meeting S, we have |L∩S| ≤ ⌊s/2⌋. We get a residual
exact sequence
(9) 0→ IResL,H(Z)(t− 1)→ IZ,H(t)→ IZ∩L,L(t)→ 0.
The scheme ResL,H(Z) is the union of p and S\S∩L. Thus ResL,H(Z) is a finite set with cardinality
at most ⌊s/2⌋+ 1. Proposition 2.2 gives h1(H, IResL,H(Z)(t − 1)) = 0 for all t ≥ ⌊s/2⌋+ 1. Since
|S ∩ L| ≤ s − 1, we have deg(L ∩ Z) = 2 + |L ∩ S| ≤ s + 1, the cohomology of line bundles on
R ∼= CP1 gives h1(R, IZ∩L,L(t)) = 0 for all t ≥ s. To conclude the proof, use the long cohomology
exact sequence of (9). 
We now pass to the case of lines.
Lemma 2.5. Fix an integer k > 0. Let E ⊂ CP3 be a disjoint union of k lines. Fix q ∈ CP3 \ E.
Then h1(I{q}∪E(t)) = 0 for all t ≥ k.
Proof. Fix a line L ⊆ E and set A := E\L. Let H be the plane spanned by q and L. Since the lines
of E are pairwise disjoints, H contains no line of A. Thus S := A ∩H is a finite set of cardinality
k − 1 and ResH({q} ∪ E) = A. We have H ∩ (E ∪ {q}) = S ∪ {q} ∪ L (as schemes) and hence
we have h1(H, I(E∪{q})∩H(t)) = h
1(H, IS∪{q}∪L(t)) = h
1(H, IS∪{q}(t− 1)). By Proposition 2.2 we
have h1(H, I{q}∪S(x)) = 0 for all x ≥ k − 1. Thus h
1(H, I(E∪{q})∩H(t)) = 0 for all t ≥ k.
Consider now the following residual exact sequence
(10) 0→ IA(t− 1)→ I{q}∪E(t)→ I({q}∪E)∩H(t)→ 0.
Remark 1.2 gives h1(IA(x)) = 0 for all x ≥ k − 2, hence, thanks to the long cohomology exact
sequence of (10) we get h1(I{q}∪E(t)) = 0 for all t ≥ k. 
The following two lemmas deal with the interplay between a set of lines E and a fat point. They
will be used in the proof of Theorem 1.3 when dealing with singularities.
Lemma 2.6. Fix an integer k > 0. Let E ⊂ CP3 be a disjoint union of k lines. Fix q ∈ CP3 \ E.
(1) We have h1(I2q∪E(t)) = 0 for all t ≥ k + 1.
(2) If there is no line containing q and intersecting all lines of E, then h1(I2q∪E(k)) = 0.
(3) If there is a line R containing q and intersecting all lines of E, then h1(I2q∪E(k)) = 1.
Proof. Fix a line L ⊆ E and call H the plane spanned by L∪{q}. Set A := E \L and S := A∩H .
We have ResH(2q ∪ E) = {q} ∪ A. By Lemma 2.4 and 2.5 we have h1(I{q}∪A(t − 1)) = 0 for all
t ≥ k and if t = k − 1 and there is no line R through q containing q and meeting all lines of E,
while h1(I{q}∪A(k− 2)) = 1 if there is such R. We have H ∩ (2q ∪E) = L∪ S ∪ (2q,H) and hence
h1(H, IH∩(2q∪E)(t)) = h
1(H, IL∪S∪(2q,H),H(t)) = h
1(H, IS∪(2q,H),H(t − 1)). Since |S| = k − 1,
Lemma 2.4 gives h1(H, IS∪(2q,H),H(t− 1)) = 0 if either t > k or t = k and there is no line through
q containing A and h1(H, IS∪(2q,H),H(k − 1)) = 1 if there is a line R ⊂ H containing {q} ∪ A and
hence meeting each line of A; since L,R ⊂ H , we get L∩R 6= ∅. Thus the residual exact sequence
of H :
(11) 0→ I{q}∪A(t− 1)→ I2q∪E(t)→ IL∪(2q,H),H(t)→ 0
gives the lemma, except that in the set-up of (3) it only gives h1(I2q∪E(k)) ≤ 1. Assume then
h1(I2q∪E(k)) = 0, i.e. assume h
0(I2q∪E(k)) = h
0(I{q}∪E(k))−3. Since deg(R∩ ({q}∪E)) = k+1,
the line R is in the base locus of |I{q}∪E(k)|. Thus the degree 2 scheme R∩ 2q is in the base locus
of |I{q}∪E(k)| and hence h
0(I2q∪E(k)) ≥ h0(I{q}∪E(k))− 2. 
We now examine the case in which q ∈ E.
Lemma 2.7. Fix an integer k > 0, a union E ⊂ CP3 of k disjoint lines and q ∈ E. Then
h1(I2q∪E(x)) = 0 for all x ≥ k.
Proof. Call L the line of E containing q and set A := E \ L. Let H ⊂ CP3 be a plane containing
L. Set S := A∩H . Since any two lines of H meet while the lines of E are disjoint, S is a finite set,
|S| = k − 1 and S ∩ L = ∅. Since q ∈ H , we have ResH(2q) = {q}. Since L is the only irreducible
component of E contained in H , we have ResH(E) = A. It is easy to check (if you prefer use local
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coordinates around q) that ResA(2q ∪ E) = {q} ∪ A. Since A is a union of k − 1 disjoint lines,
Lemma 2.5 gives h1(IResA(2q∪E)(t− 1)) = 0 for all t ≥ k.
We have H ∩ (2q ∪ E) = L ∪ S ∪ (2q,H). Note that L ∩ (2q,H) = (2q, L). Thus {q} is the
residual scheme ResL(L ∪ (2q,H)) of H with respect to L (seen as a divisor in H). Thus
h1(H, IL∪S∪(2q,H)(t)) = h
1(H, I{q}∪S(t− 1)).
Since k = |{q} ∪ S|, Proposition 2.2 gives h1(H, I{q}∪S(t− 1)) = 0 for all t ≥ k. To conclude it is
sufficient to look at the long cohomology exact sequence of the residual exact sequence (11) of H
in CP3. 
We are now in position to prove our first main result, but first we recall the following fact.
Remark 2.8. The set ∆ of all degree d surfaces of CP3 (allowing also the reducible ones and those
with multiple components), is a projective space of dimension
(
d+3
3
)
− 1. The set of all singular
Y ∈ ∆ is a non-empty hypersurface Σ of ∆. Every complex closed subset of positive dimension of
∆ meets Σ. Thus there is no compact complex family of positive dimension parametrizing different
smooth degree d surfaces of CP3. Allowing singularities (but not allowing decomposable surfaces),
we may get complex positive-dimensional compact families of solutions.
Proof of Theorem 1.3. To prove Theorem 1.3 it is sufficient to prove that a general Y ∈ |IE(d)| is
smooth and contains no line L with L ∩ E = ∅. We use several times that a finite intersection of
non-empty Zariski open subsets of |IE(d)| is non-empty and obviously open and hence Zariski-dense
in |IE(d)| to check separately the smoothness condition and the condition on lines.
Fix any line L ⊂ CP3 such that L ∩ E = ∅. By Remark 1.2 for the integer s = k + 1 the set
|IE∪L(d)| is a linear subspace of |IE(d)| with codimension d+ 1. Since the set Gr(2, 4) of all lines
of CP3 has dimension 4, the set of all Y ∈ |IE(d)| containing at least one line L with L ∩E = ∅ is
contained in an algebraic subvariety of |IE(d)| with codimension at least d + 1 − 4 > 0 . Thus a
general Y ∈ |IE(d)| contains no line L with L ∩ E = ∅.
We now deal with the smoothness property of a general Y ∈ |IE(d)|. For any q ∈ CP3 set
Σq := |I2q∪E |, i.e. Σq is the set of all Y ∈ |IE(d)| singular at q. Thanks to Remark 2.8, it is
sufficient to prove that ∪q∈CP3Σq is contained in a proper closed algebraic subvariety of |IE(d)|.
We have dimE = 1 and, for each q ∈ E, Lemma 2.7 gives dimΣq = dim |IE(d)|− 2. Thus ∪q∈EΣq
is contained in a proper closed subvariety of |IE(d)|. Let ∆ be the set of all q ∈ CP3 \E such that
h1(I2q∪E(d)) > 0. If q ∈ CP3 \ (∆ ∪ E), then dimΣq = dim |IE(d)| − 4. Since dimCP3 = 3, the
set ∪q∈CP3\(∆∪E)Σq is contained in a proper closed subvariety of |IE(d)|. Now assume q ∈ ∆. By
Lemma 2.6 we have k = d, dimΣq = dim |IE(d)| − 3 and ∆ is the intersection with CP3 \E of the
union of the lines R meeting each line of E. Since dimΣq = dim |IE(d)| − 3 for each q ∈ ∆, it is
sufficient to prove that dim∆ ≤ 2. Let Q be any quadric surface containing 3 of the lines of E.
Bezout theorem implies that each line R meeting each line of E is contained in Q. Thus ∆ ⊆ Q
and so we get the thesis. 
3. Finitely Many Twistor Lines and Proof of Theorems 1.4, 1.5 and 1.6
This section is devoted to the proof of Theorems 1.4, 1.5 and 1.6, therefore we start to deal
with twistor lines. At first we prove the Density Lemma 3.2 which allows us to prove a number of
results on surfaces containing twistor lines only using already known material. Then, we will use
the map j to prove the more precise Theorem 1.6. We recall that the Grassmannian Gr(2, 4) can
be identified with the Klein quadric K = {t1t6 − t2t3 + t4t5 = 0} ⊂ CP5 via Plu¨cker embedding.
The map j induces, then, a map on CP5 (that will be also denoted by j) defined as
j([t1 : t2 : t3 : t4 : t5 : t6]) = [t1 : t5 : −t4 : −t3 : t2 : t6],
(see [1, 12]). This new map j identifies twistor lines in Λ and it is an anti-holomorphic involution.
Let k be a positive integer, then we have Λk ⊂ Gr(2, 4)k and both sets are compact with their
euclidean topology. Gr(2, 4)k also has the Zariski topology, which obviously, if k ≥ 2, is strictly
finer than the product topology.
We now introduce a formalism that allows us to state simultaneously a finite number of properties
that may be true or false for a Zariski open dense set of twistor fibers. In particular, thanks to
this result we give meaning to the words “general sets of twistor lines”. First of all fix an integer
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k > 0 and a property ℘ which may be true or false for any set of k different twistor lines. If k ≥ 2
we extend ℘ to all L = (L1, . . . , Lk) ∈ Λk saying that ℘ is false at L if Lm = Ln for some m 6= n,
while, if Lm 6= Ln for all m 6= n, ℘ is true at L if and only if it is true at {L1, . . . , Lk}.
Definition 3.1. Fix an integer k > 0 and a property ℘ that is is either true or false for any k
distinct twistor lines. We say that ℘ is true for k general twistor lines or that k general twistor
lines satisfy (the property) ℘ or that ℘ is true for a general union of k twistor lines if there is a
non-empty Zariski open subset U of Gr(2, 4)k such that ℘ is true for all L = (L1, . . . , Lk) ∈ U ∩Λk.
Note that the union of the big diagonals of Gr(2, 4)k, k ≥ 2, is Zariski closed in Gr(2, 4)k
and it is different from Gr(2, 4)k. Thus in Definition 3.1 it is not restrictive to assume that all
(R1, . . . , Rk) ∈ U have Rm 6= Rn for all m 6= n. This is the main reason for our extension of any
℘ as false when the k twistor lines are not distinct.
Lemma 3.2 (Density Lemma). For any k > 0 the following statements hold true.
(a) Λk is dense in Gr(2, 4)k in which the latter has the Zariski topology.
(b) Fix finitely many properties ℘i, 1 ≤ i ≤ s, about k distinct twistor lines and which are
true for k general twistor lines. Then there are k distinct twistor lines for which all ℘i, 1 ≤ i ≤ s,
are true.
Proof. Part (a) is true if k = 1 because, as said before, Λ is the set fixed by j and we recall that the
fixed locus of an anti-holomorphic involution which acts on a connected smooth algebraic manifold
M , is either empty or Zariski dense in M .
Now assume k ≥ 2. Every non-empty Zariski open subset of Gr(2, 4)k is dense in Gr(2, 4)k.
The Zariski topology of Gr(2, 4)k is finer than the product topology of its factors. Thus if Ui,
1 ≤ i ≤ s, are non-empty Zariski open subsets of Gr(2, 4), then U1 × · · · × Uk is a non-empty and
dense Zariski open subset of Gr(2, 4)k.
Since a finite intersection of non-empty Zariski open subsets of Gr(2, 4)k is non-empty, open and
dense in Gr(2, 4)k, we get the thesis of part (a) and, as a direct consequence, also part (b). 
Thanks to the previous lemma, we are able to prove the following two results. The first is
interesting by itself and states that for any number s ≥ 4 there are s twistor lines such that no
other line intersects all of them. In the second corollary we compute first two cohomology numbers
of IE(t), E being a general union of twistor lines.
Definition 3.3. Consider a set of k disjoint lines L1, . . . , Lk. These are said to be collinear if
there is another line R intersecting all of them.
Thanks to [5, Proposition 2], if five lines are collinear, then they lie on a cubic surface and if
five skew lines lie on a cubic surface, then they are collinear. In particular, five twistor lines that
lie on a cubic surface are collinear.
Corollary 3.4. For any integer s ≥ 5, there are s twistor lines which are not collinear.
Proof. Of course, it is sufficient to do the case s = 5. Take any 4 distinct twistor lines L1, L2, L3, L4
not all of them contained in a smooth quadric surface (e.g. take 4 of the twistor lines contained in
the Fermat cubic (see [6]). There is a unique quadric surface T containing L1, L2, L3, this quadric
surface is smooth and L1, L2, L3 are in the same ruling of T , say Li ∈ |OT (1, 0)|, i = 1, 2, 3 (see [13,
page 478]). By Bezout theorem each line R ⊂ CP3 intersecting each Li, i = 1, 2, 3, is contained in
T . Since any two lines in the same ruling of T are disjoint, R must be an element of |OT (0, 1)|.
Since L4 * T , the set L4 ∩ T has either cardinality 2 (case L4 transversal to T ) or cardinality 1
(case L4 tangent to T ). Set e := |T ∩L4| and let Di, 1 ≤ i ≤ e be the line in |OT (0, 1)| containing
one of the points of L4 ∩ T . These e lines Di are the only lines of CP3 meeting each of the lines
L1, L2, L3, L4. It is sufficient to prove the existence of a twistor line not meeting each of the e lines
Di. Let Γi, 1 ≤ i ≤ e, denote the set of all lines of CP3 meeting Di. Each Γi is a hypersurface of
Gr(2, 4) of degree 2, but then, to conclude, it is sufficient to invoke the Density Lemma. 
Corollary 3.5. Fix an integer k > 0. Let E ⊂ CP3 be a general union of k twistor lines. Then
h0(IE(t)) = max{0,
(
t+3
3
)
− k(t+ 1)} and h1(IE(t)) = max{0, k(t+ 1)−
(
t+3
3
)
} for all t ∈ N.
Proof. Note that for a fixed t and any union F of k disjoint lines we have h0(IF (t)) = max{0,
(
t+3
3
)
−
k(t+1)} ⇔ h1(IF (t)) = max{0, k(t+ 1)−
(
t+3
3
)
} ⇔ h0(IF (t)) · h1(IF (t)) = 0. By Remark 1.2 we
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have h1(IF (t)) = 0 for all t ≥ k−1. Thus for a fixed k we only need to check finitely many integers
t, i.e. 0 ≤ t ≤ k− 2. For each t the condition h0(IF (t)) ·h
1(IF (t)) = 0 is an open condition for the
Zariski topology of Gr(2, 4) by the semicontinuity theorem for cohomology [14, III.12.8]. By [15,
Theorem 0.1] or [10] these conditions are satisfied in a non-empty Zariski open subset of Gr(2, 4)k.
Using the Density Lemma 3.2 we get the final thesis. 
We now pass to the proof of the first part of Theorem 1.4.
Let E ⊂ CP3 be the union of ν(d) general lines. Notice that ν(d) is the maximal integer y
such that y(d + 1) <
(
d+3
3
)
. Therefore, by Corollary 3.5 we have h1(IE(d)) = 0 and thanks to
Theorem 1.3, dim |IE(d)| = d if d ≡ 0, 1 mod 3 and dim |IE(d)| = (d − 2)/3 if d ≡ 2 mod 3. In
particular, if d = 2, then ν(d) = 3 and dim |IE(2)| = 0. We start by proving the following general
fact.
Proposition 3.6. Let E ⊂ CP3 be the union of ν(d) general twistor lines. If d ≥ 5, then every
Y ∈ |IE(d)| is integral, i.e. it is reduced and irreducible. If d ≤ 4, then a general Y ∈ |IE(d)| is
integral.
Proof. Thanks to Corollary 3.5, we have that h0(IE(d − 1)) = 0 therefore, since E ⊂ Yred, then
each Y ∈ |IE(d)| has no multiple component, i.e.: all Y are reduced.
Assume now that |IE(d)| ∋ Y = Y1 ∪ Y2 with Y1 a surface of degree y, Y2 a surface of degree
d − y and 0 < y < d (we do not assume that some of the Yi are irreducible). Let Ei, i = 1, 2, be
the set of all lines L ⊂ E ∩ Yi. We have E = E1 ∪ E2. Since E is a union of general twistor lines,
every union of some of the lines of E is a union of general twistors lines. Moreover if xi := deg(Ei),
we have x1 + x2 ≥ ν(d).
Set now d ≤ 4 and recall that ν(1) = 1, ν(2) = 3, ν(3) = 4, ν(4) = 6. Thus (assuming y ≤ d−y),
we only have to check d = 3 and y = 1 or d = 4 and y = 2 = d − y. In both cases d − y = 2,
hence, since dim |IE2(2)| = 0 (and dim |IL(1)| = 1, for L ∈ E), then we have |IE2(2)| = {Y2}. But
dim |IE(3)| = 4 and dim |IE(4)| = 5 and so a general Y ∈ |IE(d)|, d = 3, 4, is irreducible.
Now assume d ≥ 5. By Corollary 3.5 we have(
y + 3
3
)
> x1(y + 1),
(
d− y + 3
3
)
> x2(d− y + 1),
that is x1 ≤ ν(y) and x2 ≤ ν(d− y). Thus ν(y) + ν(d− y) ≥ ν(d). Recall from Equation (1), that,
for all t ≥ 4 we have
t2 + 5t
6
≤ ν(t) ≤
t2 + 5t+ 4
6
.
Thus,
d2 + 5d ≤ y2 + 5y + 4 + (d− y)2 + 5(d− y) + 4,
that is y(d−y) ≤ 4. Since 1 ≤ y ≤ d−1 and d ≥ 5, the only possibility is d = 5 and either y = 1 or
y = 4. But have ν(1) = 1, ν(4) = 6 and ν(5) = 9 > ν(1)+ν(4), obtaining then a contradiction. 
We can now perform the following proof.
Proof of Theorem 1.4 case (1): Consider a general set E of ν(d) twistor lines with d ≥ 4. Thanks
to Corollary 3.5 we have dim |IE(d)| > 0. Therefore, Proposition 3.6 implies that, for d ≥ 4, there
is a positive dimensional family of irreducible projective surfaces containing ν(d) lines. 
Before proving the second part of Theorem 1.4, we need a technical result. In particular, the
following lemma will be used to control the singular locus of a generic surface Y ∈ |IE(d)|.
Remark 3.7. Fix integers a ≥ x ≥ 0. Let S ⊂ CP1 be a finite set with |S| = x. Since
h1(OCP1(a− x)) = 0 and the line bundle OCP1(a− x) is base-point-free, S is the scheme-theoretic
base locus of the linear system |IS(a)| on CP1.
Lemma 3.8. Fix integers d and x such that d ≥ 2 and 0 ≤ x ≤ 1 + d(d−1)2 . Let S ⊂ CP
2 be a
general finite subset of CP2 with |S| = x. Then h1(IS(d)) = 0 and S is the scheme-theoretic base
locus of |IS(d)|.
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Proof. By the semicontinuity theorem for cohomology it is sufficient to find a finite set A ⊂ CP2
such that |A| = x, h1(IA(d)) = 0 and A is the scheme-theoretic base locus of |IA(d)|. Fix d − 1
general lines R1, . . . , Rd−1, a point p ∈ CP2 \ (R1 ∪ · · · ∪Rd−1), and sets Bi ⊂ Ri, i = 1, . . . , d− 1
with |Bi| = i for all i and Bi ∩ Rj = ∅ for all j 6= i. Set B0 := {p} and B := ∪
d−1
i=0Bi. We have
|B| = 1+
∑d−1
i=1 i = 1 + (d− 1)d/2. Let R0 ⊂ CP
2 be a general line through p.
Claim 1: We have h1(IB(d)) = 0.
Claim 2: B is the scheme-theoretic base locus of |IB(d)|.
To prove Claim 1 and Claim 2 we use induction on d. For both of them, the case d = 1 is trivial.
Proof of Claim 1: For the inductive proof use the residual exact sequence
(12) 0→ IB\Bd−1(d− 1)→ IB(d)→ IBd−1,Rd−1(d)→ 0.
Proof of Claim 2: The scheme-theoretic base locus B of |IB(d)| is contained in R0∪· · ·∪Rd−1.
Remark 3.7 gives B ∩Rd−1 = Bd−1. By the inductive assumption B \Bd−1 is the base locus B
′ of
|IB\Bd−1(d−1)| and h
1(IB\Bd−1(d−1)) = 0. Take q ∈ R0∪· · ·∪Rd−1 such that q /∈ B. If q ∈ Rd−1
we have h1(Rd−1, Iq∪Bd−1,Rd−1(d−1)) = 0 [17, Corollary 3.13 pag 150]. Since h
1(IB\Bd−1(d−1)) =
0, the residual exact sequence of B ∪ {q} with respect to Rd−1 gives h1(IB∪{q}(d)) = 0, i.e. q /∈ B.
Now assume q ∈ Ri for some i ≤ d − 2. The inductive assumption for Claim 2 gives q /∈ B
′ and
so h1(I(B\Bd−1)∪{q}(d − 1)) = 0. The residual exact sequence of B ∪ {q} with respect to Rd−1
gives h1(IB∪{q}(d)) = 0. Thus q /∈ B. Thus B is the set-theoretic base locus of |IB(d)|. Since
B ⊂ R0 ∪ · · · ∪ Rd−1 and B is contained in the smooth locus of R0 ∪ · · · ∪ Rd−1, to prove Claim
2 it is sufficient to prove that for each q ∈ B, say q ∈ Ri, h1(I(B\{q})∪E(d)) = 0, where E is
the degree 2 zero-dimensional subscheme of Ri with q as its reduction. First assume i = d − 1.
We have h1(Rd−1, I(Bd−1\{q})∪E,Rd−1(d)) = 0, because deg((Bd−1 \ {q}) ∪ E) = d [17, Corollary
3.13 pag 150]. Since h1(IB\Bd−1(d − 1)) = 0, a residual exact sequence with respect to Rd−1
like (12) with (B \ {q}) ∪ E instead of B gives h1(I(B\{q})∪E(d)) = 0. Now assume i ≤ d − 2.
Since B \Bd−1 = B′ as schemes, we have h1(I((B\Bd−1)\{q})∪E(d− 1)) = 0. Use the residual exact
sequence of (B \ {q}) ∪ E with respect to Rd−1
If x = 1+(d−1)d/2 we take A := B. If x < 1+(d−1)d/2 Remark 3.7 and the proofs of Claims
1 and 2 show that we may take as A any subset of B with cardinality x. 
Proof of Theorem 1.4 case (2): Let E ⊂ CP3 be a general union of νn(d) twistor lines. Let E′ be a
general union ofE and ν(d)−νn(d) twistor lines. By case (1) we have |IE′(d)| 6= ∅ and every element
of |IE′(d)| is integral. Thus |IE(d)| 6= ∅ and a general Y ∈ |IE(d)| is irreducible. By Corollary 3.5
we have h1(IE(t)) = 0 for t ≥ d−1 and in particular dim |IE(d)| =
(
d+3
3
)
− (d+1)νn(d)−1. Hence
the thesis follows from the following two claims.
Claim 1: A general Y ∈ |IE(d)| is such that E ∩ Sing(Y ) = ∅.
Claim 2: A general Y ∈ |IE(d)| is such that that Sing(Y ) is finite.
Proof of Claim 1: Since dimE = 1, to prove that a general Y ∈ |IE(d)| is smooth at all
points of E it is sufficient to prove that h0(I2q∪E(d)) = h0(IE(d)) − 2 for all q ∈ E, i.e. we are
going to prove that the space of surfaces singular at some point q of E has dimension strictly
less than |IE(d)| (recall Remark 2.1). Since q ∈ E, the scheme 2q ∩ E has degree 2 and we have
h0(I2q∪E(d)) ≤ h0(IE(d))− 2. Hence to prove that the last inequality is an equality it is sufficient
to prove that h1(I2q∪E(d)) = 0. Call L the connected component of E containing q. Set A := E\L.
Let H ⊂ CP3 be a general plane containing L and set S := A ∩ H . Since any two lines of
H meet, S is the union of νn(d) − 1 distinct points. As ResH(2q) = {q} and q ∈ L, we have
ResH(2q ∪E) = {q} ∪A. Moreover, since L∩A = ∅, we have H ∩ (2q ∪E) = (2q,H)∪L ∪ S. We
have a residual exact sequence
(13) 0→ I{q}∪A(d− 1)→ I2q∪E(d)→ I(2q,H)∪L∪S,H(d)→ 0.
Since h1(IE(d − 1)) = 0, we have h1(IA(d − 1)) = 0 and L imposes d independent conditions to
|IA(d − 1)|. Since L ∼= CP1 and OL(d − 1) is a degree d − 1 line bundle, we get that any union
of d points of L imposes d independent conditions to |IA(d − 1)|. Hence dim |I{q}∪A(d − 1)| =
dim |IA(d − 1)| − 1. Since h1(IA(d − 1)) = 0, we get h1(I{q}∪A(d − 1)) = 0. By the long
cohomology exact sequence of (13), to conclude the proof that a general Y ∈ |IE(d)| is smooth at
all points of E it is sufficient to prove that h1(H, I(2q,H)∪L∪S,H(d)) = 0. We have L ∩ S = ∅ and
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L ∩ (2q,H) = (2q, L) and so ResL,H((2q,H) ∪ S) = {q} ∪ S. Hence we have
h1(H, I(2q,H)∪L∪S,H(d)) = h
1(H, I{q}∪S(d− 1)).
Since q ∈ L and d ≥ 2, we have
h1(H, I{q}∪S(d− 1)) ≤ h
1(H, IL∪S(d− 1)) = h
1(H, IS,H(d− 2)).
The plane H depends only from L, not from the choice of q. Thus for a general E, we may
see S as the intersection of H with νn(d) − 1 = ν(d − 1) − 1 general twistor lines. Thus S has
the same cohomological properties of a general subset of H with cardinality ν(d − 1) − 1. Since
ν(d − 1) − 1 ≤
(
d
2
)
, we have h1(H, IS,H(d − 2)) = 0 and so h1(I2q∪E(d)) = 0 and a general Y is
smooth at E.
Proof of Claim 2: By Bertini’s theorem [13, page 137], [14, II.8.18] and the generality of Y
the set Sing(Y ) is contained in the base locus B of |IE(d)|. Let B1, . . . , Bs, s ≥ 0, the positive
dimensional components of B which are not one of the lines of E. Fix a general plane H ⊂ CP3
and set S := E ∩ H . Since E is a general union of νn(d) twistor lines and (for this part of the
proof) we may first choose H independent from E, we may see S as a general subset of H with
cardinality νn(d). By Lemma 3.8 for each p ∈ H \ S we have h1(H, I{p}∪S,H(d)) = 0. Since we
saw that h1(IE(d− 1)) = 0, the residual exact sequence of H for the sheaf I{p}∪E(d)
0→ IE(d− 1)→ I{p}∪E(d)→ I{p}∪A,H(d)→ 0,
gives h1(IE∪{p}(d)) = 0 and so p is not in the base locus of |IE(d)|. Thus either s = 0 (and so
Sing(Y ) is finite) or each Bi is an irreducible curve meeting E. Since Y is smooth at each point of
E, each Bi contains at most finitely many points of Sing(Y ). Thus Sing(Y ) is finite.

To prove the third part of Theorem 1.4, we need the following lemma.
Lemma 3.9. Let T ⊂ CP3 be any smooth quadric. Fix integers b ≥ a > 0 and x with 0 ≤ x ≤
(a+ 1)(b − 1). Let S ⊂ T be a general union of x points. Then h1(T, IS,T (a, b)) = 0 and S is the
scheme-theoretic base locus of |IS,T (a, b)|.
Proof. Since S is general and |S| = x = (a + 1)(b − 1) ≤ (a + 1)(b + 1) = h0(T,OT (a, b)), we
have h1(T, IS,T (a, b)) = 0. It is then sufficient to find a finite set A ⊂ CP2 such that |A| = x,
h1(IA,T (d)) = 0 and A is the scheme-theoretic base locus of |IA,T (d)|. Take a+1 distinct elements
R1, . . . , Ra+1 of |OT (1, 0)| and any Bi ⊂ Ri with |Bi| = b− 1. Set B := ∪
a+1
i=1Bi. The divisor Ra+1
of T gives the residual exact sequence on T :
(14) 0→ IB\Ba+1(a− 1, b)→ IB,T (a, b)→ IB1,Ra+1(a, b)→ 0
Note that OR1(a, b) is the degree b line bundle on R1 ∼= CP
1. Following the proof of Lemma 3.8
we get Claims 1 and 2, i.e. we prove that we may take A = B when x = (a + 1)(b − 1). If
x < (a+ 1)(b− 1) the same inductive proof using (14) shows that we may take as A any subset of
B with cardinality x. 
In the last step of the proof of Theorem 1.4,we prove that νs(d) general twistor lines are contained
in a smooth degree d surface of CP3.
Proof of Theorem 1.4 case (3): Thanks to the results contained in [15] and the Density Lemma 3.2
we have h1(IE(d)) = 0 for a general union of νs(d) lines. By Bertini’s theorem it is sufficient to
prove that |IE(d)| has no base points outside E and that a general Y ∈ |IE(d)| is smooth at all
points of E. The latter condition is satisfied thanks to the Proof of Theorem 1.4 case (2), because
νs(d) ≤ νn(d). We saw that it is sufficient to check separately these two Zariski open properties.
Since νs(d) ≤ d for all d ≤ 7, by Theorem 1.3 we could assume d ≥ 8. However, we want to
prove by induction on d the following statement:
Statement ⋆d, d ≥ 0: For any general union F ⊂ CP3 of νs(d) twistor lines the linear system
|IF (d)| has no base point outside F .
When νs(d) ≤ d (and in particular if d ≤ 7) we proved ⋆d in the proof of Theorem 1.3 (the part
studying dimΣq when q ∈ CP3 \ E).
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Thus we may assume d ≥ 8 and assume ⋆d−2 is true, i.e. assume that |IG(d − 2)| has no base
points in CP3 \ G for a general union G of νs(d − 2) twistor lines. Let T ⊂ CP3 be a smooth j-
invariant quadric in the sense of [21] (also called real), i.e. assume that one of the two rulings of T ,
say the ruling |OT (1, 0)|, is formed by twistor lines. LetM ⊂ T be any union of x := νs(d)−νs(d−2)
distinct elements of |OT (1, 0)| and take a general union F ⊂ CP3 of νs(d− 2) twistor lines. By the
inductive assumption |IF (d− 2)| has no base point outside F . Since any two different twistor lines
are disjoint, we have M ∩ F := ∅. Since we fixed F after fixing T , we may assume that each line
of F is transversal to T . Thus |F ∩ T | = 2νs(d − 2). Note that F ∩ T ⊂ T \M . Set E := F ∪M .
Since E is not a general union of νs(d) lines, we need to prove the following claim.
Claim: For the just defined set of lines E it holds h1(IE(d)) = 0.
Proof of Claim: First of all, any two points of T not contained in a line of T are the intersection
of T with a line of CP3. Thus the union D of νs(d− 2) general lines of CP3 has the property that
D ∩ T is a general union of 2νs(d − 2) lines. Notice that D ∩ T ⊂ T \M and that 2νs(d − 2) ≤
(d + 1)(d + 1 − x). Since D ∩ T is general, we get h1(T, ID∩T,T (d − x, d)) = 0. The residual
exact sequence of M in T gives h1(T, I(D∩T )∪M,T (d, d)) = 0. By the Density Lemma the same
is true for a general union of νs(d − 2) twistor lines, i.e. h1(T, I(F∩T )∪M,T (d, d)) = 0. Since
h1(IF (d− 2)) = 0 = h
1(T, I(F∩T )∪M,T (d, d)), to prove that h
1(IE(d)) = 0 it is sufficient to use the
residual exact sequence
0→ IF (d− 2)→ IE(d)→ I(F∩T )∪M,T (d, d)→ 0.
Having proved the claim, we now check that |IE(d)| has no base point outside E. Since
h1(IE(d)) = 0, it would be sufficient to prove that νs(d) twistor lines are contained in a smooth
degree d surface. Since |IF (d− 2)| has no base point outside F , |IE(d)| has no base point outside
F ∪ T . Thus it is sufficient to prove that h1(I{p}∪E(d)) = 0 for each p ∈ T \ ((F ∩ T ) ∪M). Fix
p ∈ T \ ((F ∩ T ) ∪M). The residual exact sequence of T gives
(15) 0→ IF (d− 2)→ I{p}∪E(d)→ I(F∩T )∪M∪{p},T (d, d)→ 0.
Since h1(IF (d− 2)) = 0, the long cohomology exact sequence of (15) shows that it is sufficient to
prove the vanishing of h1(T, I(F∩T )∪M∪{p},T (d, d)). Since F ∩M = ∅ and p /∈M , we have
h1(T, I(F∩T )∪M∪{p},T (d, d)) = h
1(T, I(F∩T )∪{p},T (d− x, d)).
Note that 2νs(d− 2) ≤ (d−x+1)(d− 1). By Lemma 3.9 we have h1(T, I(D∩T )∪{p},T (d−x, d)) = 0
for a general union of νs(d− 2) lines of CP3. By the Density Lemma 3.2 this is true for a general
union of νs(d − 2) twistor lines, i.e. h1(T, I(F∩T )∪{p},T (d − x, d)) = 0. Therefore we have proved
⋆d and hence the Theorem. 
Having proved Theorem 1.4, we pass to Theorem 1.5.
Proof of Theorem 1.5: Fix an integer k ≤ νj(d). Let E ⊂ CP3 be a general union of k twistor
lines. The case k = 0 is trivial, because a general surface of degree ≥ 5 contains no line. Thus we
may assume k > 0 and in particular d ≥ 10. Let E ⊂ CP3 be a general union of k twistor lines.
Since k ≤ νs(d− 6) ≤ ν(d − 8), we have h1(IE(t)) = 0 for all t ≥ d− 8. By Theorem 1.4 case (3)
for each t ≥ d − 8 a general W ∈ |IE(t)| is smooth. Thus we only need to prove that a general
Y ∈ |IE(d)| contains no line L with L ∩ E = ∅. For any line L ⊂ CP3 set A(L) := |IE∪L(d)| and
a(L) := h0(IE(d)) − h0(IE∪L(d)). A(L) is a linear subspace of the projective space |IE(d)| with
codimension a(L) and it parametrizes all degree d surfaces containing E∪L. By the semicontinuity
theorem for cohomology [14, III.12.8] for any integer i ≥ 0 the set ω(i) of all lines L ⊂ CP3 such
that L ∩ E = ∅ and a(L) = i is a locally closed subset of Gr(2, 4). We call τi its dimension,
i.e. the maximal dimension of one of the irreducible components of ω(i). To prove that a general
Y ∈ |IE(d)| contains no line L with L ∩ E = ∅, it is sufficient to prove that τi < i (i.e. ω(0) = ∅,
ω(1) is finite or empty, and so on). Since dimGr(2, 4) = 4, it is sufficient to prove that τi < i for
0 ≤ i ≤ 4. Note that νj(d) < ν(d) and in particular (d + 1)(k + 1) ≤
(
d+3
3
)
. By Corollary 3.5 we
have h1(IE∪L(d)) = 0 for a general L ∈ Gr(2, 4), i.e. a(L) = d + 1 for a general L ∈ Gr(2, 4).
Thus τi ≤ 3 for all i ≤ d. Thus it is sufficient to prove that τi < i for i = 0, 1, 2, 3.
Fix 4 distinct quadric surfaces Q1, Q2, Q3 and Q4 such that Q1 ∩ Q2 ∩ Q3 ∩ Q4 = ∅. We fix
these quadrics before fixing E. Let E be the set of all unions F of k distinct twistor lines with
h1(IF (t)) = 0 for t ≥ d − 6 and intersecting transversally each quadric Qj , j = 1, 2, 3, 4. By the
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Density Lemma the set of all F ∩ Qj , F ∈ E , is Zariski dense in the 2-dimensional variety Qj[k]
parametrizing all subsets of Qj with cardinality 2k. Note that 2k ≤ 2νj(d) ≤ (d− 5)
2 − 2(d− 5).
Again, by the Density Lemma for a general E ∈ E we have h1(Qj , IE∩Qj ,Qj (a, b)) = 0 for all
a ≥ d − 6, b ≥ d − 6, j = 1, 2, 3, 4, and each linear system |IE∩Qj (a, b)| has no base point. Fix a
line L ⊂ CP3 such that L ∩ E = ∅.
First assume that L is contained in one of the quadrics Q1, Q2, Q3, Q4, say in Qj as an element
of |OQj (0, 1)|. Since no line in E is contained in Qj , we have the following residual exact sequence
(16) 0→ IE(d− 2)→ IE∪L(d)→ IE∩Qj ,Qj (d)→ 0
Since E ∈ E we have h1(IE(d − 2)) = 0 and h
1(Qj, IE∩Qj ,Qj (d, d − 1)) = 0. Since we have
h1(Qj , IE∩Qj ,Qj (d)) = h
1(Qj , IE∩Qj ,Qj (d, d− 1)), (16) gives L ∈ ω(d+ 1).
Now assume L * Qj for any j. In this case we want to prove that h0(IE∪L(d)) ≤ h0(IE(d))−4,
i.e. L /∈ ω(i) for i ≤ 3. Fix pj ∈ L ∩ Qj . To prove that L /∈ ω(i) for i ≤ 3 (and so that
τi < i for i ≤ 3) it is sufficient to prove that h0(IE∪{p1,p2,p3,p4}(d)) = h
0(IE(d)) − 4, i.e. that
h1(IE∪{p1,p2,p3,p4}(d)) = 0. We prove that this is the case if pj is not contained in Qi when i 6= j.
With this assumption we have the 4 residual exact sequences
(17) 0→ IE(d− 8)→ IE∪{p1}(d− 6)→ I(E∩Q1)∪{p1},Q1(d− 6)→ 0
(18) 0→ IE∪{p1}(d− 6)→ IE∪{p1,p2}(d− 4)→ I(E∩Q2)∪{p2},Q3(d− 4)→ 0
(19) 0→ IE∪{p1,p2}(d− 4)→ IE∪{p1,p2,p3}(d− 2)→ I(E∩Q3)∪{p3},Q3(d− 2)→ 0
(20) 0→ IE∪{p1,p2,p3}(d− 2)→ IE∪{p1,p2,p3,p4}(d)→ I(E∩Q4)∪{p4},Q4(d)→ 0
We now use repeatedly Lemma 3.9 and its consequences.
• Since h1(IE(d− 8)) = 0 and h1(Q1, I(E∩Q1)∪{p1},Q1(d− 6)) = 0, (17) gives h
1(IE∪{p1}(d−
6)) = 0.
• Since we have h1(Q2, I(E∩Q2)∪{p2},Q3(d− 4)) = 0, (18) gives h
1(IE∪{p1,p2}(d− 4)) = 0.
• Since h1(Q3, I(E∩Q3)∪{p3},Q3(d− 2)) = 0, (19) gives h
1(IE∪{p1,p2,p3}(d− 2)) = 0.
• Since we have h1(Q4, I(E∩Q4)∪{p4},Q4(d)) = 0, (20) gives h
1(IE∪{p1,p2,p3,p4}(d)) = 0, con-
cluding the proof in this case.
Assume now that pi ∈ Qj for some i 6= j. First of all, to do the construction without any
modification we only need pi /∈ Qj for all i < j (we do not care if Q3 contains p4, if Q2 contains
p3 or p2 or if Q1 contains p2 or p3 or p4). Instead of fixing 4 smooth quadrics, we fix 10 smooth
quadrics Q[h], 1 ≤ h ≤ 10, such that any 4 of these quadrics have no common point. We set
Q1 := Q[1] and fix p1 ∈ L∩Q1. Since any 4 of the quadrics Q[h] have empty intersection, there is
Q[h1] such that p1 /∈ Q[h1]. We set Q2 := Q[h1] and take p2 ∈ L∩Q2. Since any 4 of the quadrics
Q[h] have empty intersection, there is Q[h2] with p1 /∈ Q[h2] and p2 /∈ Q[h2]. Set Q3 := Q[h2]
and fix p3 ∈ Q3 ∩L. Since any 4 of the quadrics Q[h] have empty intersection, there is Q[h3] with
{p1, p2, p3}∩Q[h3] = ∅. Set Q4 := Q[h3] and take any p4 ∈ L∩Q4. Using again the same argument
as before for these new four quadrics, we conclude the proof. 
We now pass to the last theorem. To precise what stated in the introduction we set the following
notation. Let z ∈ C4. For any α = (α0, α1, α2, α3) ∈ N4, set
zα = zα00 z
α1
1 z
α2
2 z
α3
3 .
For any α ∈ N4 we write |α| = α0 + α1 + α2 + α3. We now extend the map j to the
(
d+3
3
)
-
dimensional vector space H0(OCP3(d)). Consider the map j : H
0(OCP3(d))→ H
0(OCP3(d)) defined
in the following way
H0(OCP3(d)) ∋ f =
∑
|α|=d
cαz
α 7→ j(f) =
∑
|α|=d
cˆαz
α,
where cˆα0,α1,α2,α3 = (−1)
α0+α2cα1,α0,α3,α2 .
Note that j is R-linear and that j2(f) = (−1)d(f). For any z ∈ C4 we have f(j(z)) =
(−1)dj(f)(z). We say that f =
∑
α cαz
α is j-invariant if and only if there is a constant a ∈ C\ {0}
such that j(f) = af i.e.: if j fix the line Cf .
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By the Density Lemma, the set of all elements of H0(OCP3(d)) associated to a fixed a ∈ C \ {0}
is a real vector space of dimension
(
d+3
3
)
over R. Hence j induces a bijection between the
(
d+3
3
)
− 1
complex projective space |OCP3(d)| and itself.
Definition 3.10. We say that a surface Y ∈ |OCP3(d)| is j-invariant if j(z) ∈ Y for every z ∈ Y ,
i.e.: if j(Y ) = Y .
In some paper (e.g. [21]), a j-invariant surface Y is called real with respect to j.
We pass now to the proof of Theorem 1.6. More precisely, for a general union E ⊂ CP3 of k
twistor line we will prove the existence of a smooth Y ∈ |IE(d)| such that j(Y ) = Y and Y contains
no line L ⊂ CP3 with L ∩E = ∅ and in particular it contains no other twistor line.
Proof of Theorem 1.6. By Corollary 3.5 we have h1(IE(d)) = 0 and so h0(IE(d)) =
(
d+3
3
)
−k(d+1).
The integer
(
d+3
3
)
= (d+3)(d+2)(d+1)/6 is even if and only if either d is odd or d ≡ 2 (mod 4).
The integer d + 1 is odd if and only if d is even, thus
(
d+3
3
)
− k(d + 1) is odd, i.e. dim |IE(d)| is
even, if and only if either d ≡ 2 (mod 4) and k is odd or d ≡ 0 (mod 4) and k is even, i.e. in the
cases needed to prove Theorem 1.6.
Fix any union E ⊂ CP3 of finitely many twistor fibers. For each t ∈ Z the projective space
|IE(t)| is j-invariant.
Claim: If dim |IE(t)| is even, then the set of all j-invariant element of |IE(t)| is Zariski dense
in |IE(t)|.
Proof of Claim: First assume h0(IE(t)) = 1, i.e. assume |IE(t)| = {Y } for some Y . Since
j(E) = E, w have {j(Y )} = {Y } and hence j(Y ) = Y . Now assume h0(IE(t)) > 1 and h0(IE(t))
odd, say h0(IE(t)) = 2m + 1 for some positive integer m. Fix a general set S ⊂ CP3 such that
|S| = m. Since S is general, we have h0(IE∪S∪j(S)(t)) = 1. Since j(E ∪ S ∪ j(S)) = E ∪ S ∪ j(S),
the proof just given shows that the only element A ∈ |IE∪S∪j(S)(t)| satisfies j(Y ) = Y . By our
assumptions on d and k there is Y ∈ |IE(d)| such that j(Y ) = Y . Thus j induces an anti-
holomorphic involution on the projective space |IE(d)| with at least one fixed point. Thus the set
Γ of all Y ∈ |IE(d)| with j(Y ) = Y is Zariski dense in |IE(d)|.
Hence (by the proof of Theorem 1.5) there is a smooth Y ∈ Γ containing no line L with
L ∩E = ∅. 
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